Abstract. We consider logarithmic vector fields parametrized by finite collections of weighted hyperplanes. For a finite collection of weighted hyperplanes in a two-dimensional vector space, it is known that the set of such vector fields is a free module of rank two whose basis elements are homogeneous. We give an algorithm to construct a homogeneous basis for the module.
Introduction
For an l-dimensional vector space V , a finite collection A of subspaces of V whose codimensions are one is called a central hyperplane arrangement in V . A pair (A, µ) of a central hyperplane arrangement in V and a map µ : A → Z >0 is called a multiarrangement in V . Let V * be the dual space of V , and S the algebra of polynomial functions on V . The algebra S has a natural graded structure. For a multiarrangement (A, µ) in V , we define D(A, µ) to be the set of derivations θ of S satisfying the following condition: θ(α) is in the ideal generated by α µ(ker(α)) for each α ∈ S with ker(α) ∈ A. The set D(A, µ) also has a natural structure of a graded S-module. We say that a multiarrangement (A, µ) is free if the corresponding module D(A, µ) is free. For a free multiarrangement (A, µ), D(A, µ) has a homogeneous basis. The multi-set of degrees of a homogeneous basis for D(A, µ) is called the exponents of (A, µ).
Ziegler showed that D(A, µ) is free for a multiarrangement (A, µ) in a two-dimensional vector space [8] . Yoshinaga proved a theorem which characterizes the free multiarrangements in a three-dimensional vector space. In the theorem, exponents of multiarrangements in a two-dimensional vector space play an important role [7] . For some multiarrangements (A, µ) in a two-dimensional vector space, homogeneous bases for D(A, µ) are explicitly given. Hence exponents for these multiarrangements are also explicitly given. (See [5, 6] and so on.)
The set of multiarrangements has a structure of a graded poset. (See Section 2.) The mapping (A, µ) to D(A, µ) is order-reversing. In this paper, for multiarrangements (A, µ) and (A, µ ′ ) in a two-dimensional vector space such that (A, µ ′ ) is larger than (A, µ), we show an algorithm to construct a homogeneous basis for D(A, µ ′ ) from a homogeneous basis for D(A, µ).
In Section 2, we recall the definition of the module of logarithmic vector fields and K. Saito's criterion. In Section 3, we show algorithms to construct a homogeneous basis for D(A, µ) for a multiarrangement (A, µ) in a two-dimensional vector space. In Section 4, we show some applications of our algorithms. In Subsection 4.1, we consider rise and fall of the difference of exponents. In Subsection 4.2, we consider the case where the base field is finite, and explicitly describe a homogeneous basis for some D(A, µ). In Subsection 4.3, an implementation of our algorithms as a program of the computer algebra system risa/asir is outlined.
Definition and Notation
Let K be a field, V a two-dimensional vector space over K, and S a polynomial ring K[x, y]. The algebra S naturally has a structure S = i∈N S i of a graded algebra, where S i is a vector space whose basis is { x j y i−j | j = 0, . . . , i }. We call a finite collection A of hyperplanes containing the origin in V a central arrangement. A pair (A, µ) of a central arrangement A and a map µ from A to the set of positive integers Z >0 is called a multiarrangement. We identify a multiarrangement with a map µ from the set of hyperplanes in V containing the origin to the set of nonnegative integers N whose support supp(µ) = { H | µ(H) = 0 } is a finite set. We write |µ| for H µ(H). We define (A, µ)
The set of multiarrangements has a structure of a graded poset with the minimum element (∅, 0) by the relation ⊂, where 0 is the map such that 0(H) = 0 for all H. Definition 2.1. For a multiarrangement (A, µ), we define the set D(A, µ) of logarithmic vector fields to be
where ∂ x and ∂ y respectively denote the partial differential operators in the variables x and y.
. We consider only the case of two-dimensional vector spaces in this paper. In this case, it is known that D(A, µ) is always a free S-module whose rank is two, and that D(A, µ) has a homogeneous basis. We give an algorithm to construct a basis for D(A, µ) in this paper. The following is a well-known criterion.
Main result
In this section, we give algorithms to construct a homogeneous basis for D(A, µ).
First we consider the case where µ ⊂ µ ′ and |µ ′ | = |µ| + 1. We show an algorithm to construct a homogeneous basis for D(A ′ , µ ′ ) from a homogeneous basis for D(A, µ).
, and µ ′ the map such that
Then we can construct a homogeneous basis (θ
, and finish the procedure. (6) Let q(x, y) be a homogeneous polynomial in variables x, y of degree deg(θ 1 ) − deg(θ 2 ) satisfying the equation
are polynomials. First we consider the case g(α y , −α x ) = 0. Since θ 2 is homogeneous, g(α y , −α x ) is also homogeneous. Since K is a field, g(α y , −α x ) = 0 if and only if g(x, y) is divisible by α. This implies
. Since θ 1 and θ 2 are linearly independent, α·θ 1 and θ 2 are linearly independent. It is clear that deg
Next we consider the case g(
is solvable. For example,
and θ
α m is homogeneous, and
α m is divisible by α. Hence we have θ
By taking the polynomial defined by (1) as q(x, y) in
Step (6) of the algorithm ALG1, we have the following algorithm.
Corollary 3.2. Let (A, µ) be a multiarrangement. Fix α = α x x+α y y ∈ S 1 \ { 0 }. Let A ′ be A ∪ ker(α), and µ ′ the map such that
Then we can construct a homogeneous basis (θ 
We have a basis (∂ x , ∂ y ) for D(∅, 0). By applying the algorithm in Theorem 3.1 recursively, we can construct a basis for D(A, µ) for all multiarrangements. 
be the resulting basis of ALG3(A ′ , µ ′ ). (6) Let α ∈ S 1 be a linear form such that ker(α) = H. 
Application
In this section, we show applications of our algorithms. First we consider the difference between the degrees of elements of homogeneous basis. Next we explicitly describe a homogeneous basis for some arrangements in the case where K is a finite field. Finally we briefly introduce an implementation of our algorithms.
Difference between exponents.
In this subsection, we consider the difference between the degrees of elements of homogeneous basis, i.e., the difference between the exponents of a multiarrangement in twodimensional vector space. When a multiarrangement is made larger, the difference of its exponents either increases or decreases. We show that the difference decreases if a generic hyperplane is added to a multiarrangement with the two degrees different.
The next two corollaries follow from Theorem 3.1.
Corollary 4.1. Let (A, µ) be a multiarrangement, and { θ 1 , θ 2 } a homogeneous basis for
α µ(ker(α)) . Proof. The corollary directly follows from the algorithm ALG1 in Theorem 3.1.
Corollary 4.2. Let (A, µ) be a multiarrangement, and
Proof. Since 
, where µ ′′ is the map such that
Proof. It is enough to show the case where n = 1. In this case, 2µ ′ (H) > |µ ′ |, 2µ(H) > |µ|, and µ ′ (H) = µ(H) + 1. For a multiarrangement (A, κ) such that 2κ(H) ≥ |κ| for some H ∈ A, it is known that the exponents of (A, κ) are (κ(H), |κ|−κ(H)). (See [3] .) Since 2µ(H) > |µ| and 2µ
Hence deg(θ 
Finite Fields.
In this subsection, let p be a prime number. Let us take the finite field F q consisting of q = p n elements as K. Let A be the set of hyperplanes in F 2 q . We explicitly describe homogeneous bases for some multiarrangements D(A, µ).
Let θ q i be x q i ∂ x + y q i ∂ y , and κ q i the map such that κ q i (H) = q i for all hyperplanes H. Lemma 4.4. The set θ q i , θ q i+1 is a basis for D(A, κ p i ).
Corollary 4.5. Let i be an positive integer. For each H ∈ A, fix α H (x, y) ∈ S 1 satisfying ker(α H (x, y)) = H, and let j H be an integer
H . Let µ be the map from A to Z >0 such that µ(H) = q i + j H for each hyperplane H. Then
is a basis for D(A, µ) .
, and m k = µ k (ker(α k )). Since θ q i+1 is in D (A, µ k+1 ) , the resulting basis for D(A, µ k+1 ) of the algorithm ALG2(θ ′ k , θ q i+1 , α k , m k ) is θ ′ k+1 , θ q i+1 if θ ′ k , θ p i+1 is a basis for D(A, µ k ). Since the set θ q i , θ q i+1 is a basis for D(A, κ q i ) = D(A, µ 0 ), we have the corollary. 4.3. Implementation. A simple implementation of our algorithms as a program for the computer algebra system risa/asir [1] is available in [2] . The implementation is useful to compute exponents for many examples. For example, the following can be observed with the implementation. 
